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Àííîòàöèÿ

Ðàññìîòðåíû â ëèíåéíîì ïðèáëèæåíèè ãàðìîíè÷åñêèå âûíóæäåííûå êîëåáàíèÿ âÿçêèõ êàïåëü

â âÿçêîé íåñæèìàåìîé æèäêîñòè â óñëîâèÿõ ñòåñíåííîãî îáòåêàíèÿ â ÿ÷åå÷íîé ìîíîäèñïåðñíîé ìîäåëè

ýìóëüñèè ïîä äåéñòâèåì ïåðåìåííûõ ìàññîâûõ ñèë, ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ è îñöèëëÿöèé

âìåùàþùåé æèäêîñòè. Ó÷òåíû òîëüêî âÿçêèå ïîòåðè. Èçó÷åíî ïîâåäåíèå ïðîáíîé êàïëè â ÿ÷åéêå ñ

æåñòêîé íåâåñîìîé ñôåðè÷åñêîé îáîëî÷êîé. Íà ýòîé îñíîâå ïóòåì ïîî÷åðåäíîãî çàäàíèÿ ýâðèñòè÷åñêèõ

ãðàíè÷íûõ óñëîâèé Êâàøíèíà, Õàïïåëÿ è Êóâàáàðû íà âîîáðàæàåìîé ñôåðè÷åñêîé ïîâåðõíîñòè ÿ÷åéêè

ïîëó÷åíû ðåøåíèÿ äëÿ ýòèõ òðåõ âàðèàíòîâ ýìóëüñèè. Íàéäåíû íèçêî- è âûñîêî÷àñòîòíûå ïðèáëèæåíèÿ.

Ïîñëåäíèå ñïðàâåäëèâû äëÿ âñåõ ÷åòûðåõ ðàçíîâèäíîñòåé ýìóëüñèé. Ïðè ìàëîé êîíöåíòðàöèè èç

íèõ ñëåäóþò ðàçíûå ÷àñòíûå ñëó÷àè äâèæåíèÿ îäèíî÷íîé êàïëè â æèäêîñòè, íàïðèìåð, ôîðìóëû

Ðûá÷èíñêîãî-Àäàìàðà, Ê¼íèãà è äðóãèå. Äëÿ ïðîèçâîëüíûõ êîíöåíòðàöèé êàïåëü ïîëó÷åíû îáùèå

ôîðìóëû äëÿ êîìïëåêñíîé ïëîòíîñòè âàðèàíòîâ ìîäåëåé ýìóëüñèé ïðè ðàñïðîñòðàíåíèè â íèõ çâóêîâûõ

êîëåáàíèé.

Êëþ÷åâûå ñëîâà: êîíöåíòðèðîâàííûå ýìóëüñèè, ãàðìîíè÷åñêèå êîëåáàíèÿ, âÿçêèå ïîòåðè,

ÿ÷åå÷íûå ìîäåëè, ãðàíè÷íûå óñëîâèÿ, êîìïëåêñíàÿ ïëîòíîñòü.
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Kazakov L.I.
PhD, leading researcher, Paci�c Oceanological Institute named after V. I. Il'ichev FEB RAS, Vladivostok,

Russia

Abstract

Harmonic forced oscillations of viscous droplets in a viscous incompressible liquid under conditions of

constrained �ow in a monodisperse cell model of an emulsion under the action of variable mass forces, surface

tension forces, and oscillations of external liquid are considered in a linear approximation. Only viscous losses

are taken into account. The behavior of a test drop in a cell with a rigid weightless spherical shell is studied.

On this basis, by alternately setting the heuristic boundary conditions of Kvashnin, Happel, and Kuvabara on

an imaginary spherical cell surface, solutions for these three emulsion variants are obtained. Low-and high-

frequency approximations are found. The latter are true for all four types of emulsions. At a low concentration,

they are followed by various special cases of the movement of a single drop in a liquid, for example, the

Rybchinsky-Hadamard, Koenig, and others formulas. For arbitrary droplet concentrations, general formulas

are obtained for the complex density of variants of emulsion models when sound vibrations propagate in them.

Keywords: concentrated emulsions, harmonic oscillations, viscous losses, cell models, boundary

conditions, complex density.
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Ââåäåíèå

Áîëüøèíñòâî èçâåñòíûõ òåîðåòè÷åñêèõ ðàáîò ïî ðàñïðîñòðàíåíèþ çâóêà â
äèñïåðñíûõ ñðåäàõ (íàïðèìåð, [1�4]) îòíîñèòñÿ ê ñðåäàì ñ ìàëûìè îáúåìíûìè
êîíöåíòðàöèÿìè âçâåøåííûõ ÷àñòèö, íå ïðåâûøàþùèìè íåñêîëüêèõ ïðîöåíòîâ,
êîãäà áîëüøèå ðàññòîÿíèÿ ìåæäó ÷àñòèöàìè ïîçâîëÿþò ñ÷èòàòü èõ îáîñîáëåííûìè
è íåâçàèìîäåéñòâóþùèìè äðóã ñ äðóãîì. Ýêñïåðèìåíò îáû÷íî ïîäòâåðæäàåò òåîðèþ ïðè
êîíöåíòðàöèè ÷àñòèö äî 9%. Äàëåå ïðîèñõîäèò ðåçêîå èõ ðàñõîæäåíèå [2]. Îäíàêî ðàáîò,
èññëåäóþùèõ êîíöåíòðèðîâàííûå äèñïåðñíûå ñðåäû, ãîðàçäî ìåíüøå (íàïðèìåð, [5�9]).

Íàèáîëåå àäåêâàòíîé ìîäåëüþ äëÿ îïèñàíèÿ äèñïåðñíûõ ñðåä ïðîèçâîëüíûõ
êîíöåíòðàöèé ÿâëÿåòñÿ ÿ÷åå÷íàÿ ìîäåëü. Íî îíà èìååò êðóïíûå íåäîñòàòêè: 1)
ïðèìåíèìîñòü ëèøü ê ìîíîäèñïåðñíûì ñðåäàì, êîãäà âñå âêëþ÷åíèÿ îäèíàêîâû ïî
ðàçìåðàì, ôîðìå è ñâîéñòâàì; 2) óïîðÿäî÷åííîñòü ñòðóêòóðû, íå õàðàêòåðíàÿ äëÿ
ðåàëüíûõ ñðåä; 3) íåîïðåäåëåííîñòü òðåáóåìûõ ãðàíè÷íûõ óñëîâèé íà ïîâåðõíîñòè
ÿ÷åéêè, êîòîðûå íåèçâåñòíî êàê çàäàâàòü. Îáû÷íî èñïîëüçóþò ñëåäóþùèå íàéäåííûå
ýâðèñòè÷åñêèì ïóòåì ãðàíè÷íûå óñëîâèÿ: æåñòêàÿ îáîëî÷êà ÿ÷åéêè [10, ñ.152, 518];
óñëîâèå Êâàøíèíà [11, ñ.154]; óñëîâèå Õàïïåëÿ [10, ñ.447]; óñëîâèå Êóâàáàðû [10, ñ.450].

Ðàññìîòðèì ïîñòóïàòåëüíûå ãàðìîíè÷åñêèå êîëåáàíèÿ êàïëè â îêðóæåíèè
ïîäâèæíîé æåñòêîé îáîëî÷êè, ëèáî äðóãèõ òàêèõ æå êàïåëü, ïîä äåéñòâèåì ïåðåìåííûõ
ìàññîâûõ ñèë, ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ è îñöèëëÿöèé âíåøíåé æèäêîñòè.
Îáå æèäêîñòè áóäåì ñ÷èòàòü âÿçêèìè, íåñæèìàåìûìè è îãðàíè÷èìñÿ ëèíåéíûì
ïðèáëèæåíèåì óðàâíåíèÿ Íàâüå�Ñòîêñà. Êàïèëëÿðíîå äàâëåíèå ïðåäïîëîæèì íàñòîëüêî
áîëüøèì, ÷òî ïðè êîëåáàíèÿõ êàïëÿ ñîõðàíÿåò ñôåðè÷åñêóþ ôîðìó. Áóäåì ó÷èòûâàòü
òîëüêî âÿçêèå ïîòåðè ýíåðãèè, ïðåíåáðåãàÿ òåïëîâûìè. Ñíà÷àëà ðåøèì çàäà÷ó î
êîëåáàíèÿõ êàïëè, ïîìåùåííîé â öåíòð æåñòêîé ñôåðè÷åñêîé îáîëî÷êè. Çàòåì áóäóò
èññëåäîâàíû êîëåáàíèÿ ñîáñòâåííî ÿ÷åå÷íûõ ìîäåëåé ìîíîäèñïåðñíîé ñèñòåìû êàïåëü
[10] ïðè òðåõ óêàçàííûõ âûøå âàðèàíòàõ ãðàíè÷íûõ óñëîâèé íà ïîâåðõíîñòè ÿ÷åéêè.

1. Æåñòêàÿ îáîëî÷êà ÿ÷åéêè

Èñõîäíûå óðàâíåíèÿ ãàðìîíè÷åñêèõ êîëåáàíèé â çàïèñè äëÿ âíåøíåé æèäêîñòè
èìåþò âèä (îïóñêàåìûé âðåìåííîé ìíîæèòåëü - e−iωt) [12, ñ.73]:

−iωρ−→ν = ρ
−→
F −∇P + η∆−→ν , div−→ν = 0, (1.1)

ãäå ω - öèêëè÷åñêàÿ ÷àñòîòà; ρ è η - ïëîòíîñòü è âÿçêîñòü æèäêîñòè; P -

êîìïëåêñíàÿ àìïëèòóäà äàâëåíèÿ; −→ν è
−→
F - àìïëèòóäû, ñîîòâåòñòâåííî, êîëåáàòåëüíîé

ñêîðîñòè è âíåøíåé ñèëû, äåéñòâóþùåé íà åäèíèöó ìàññû æèäêîñòè. Â àíàëîãè÷íûõ
óðàâíåíèÿõ äëÿ âíóòðåííåé îáëàñòè âåëè÷èíû, õàðàêòåðèçóþùèå ñâîéñòâà è äâèæåíèå
æèäêîñòè â êàïëå, ñíàáäèì øòðèõàìè.

Îáîçíà÷èì àìïëèòóäû êîëåáàòåëüíûõ ñêîðîñòåé êàïëè êàê öåëîãî è æåñòêîé

îáîëî÷êè îòíîñèòåëüíî íåïîäâèæíîé ñèñòåìû êîîðäèíàò, ñîîòâåòñòâåííî, ÷åðåç
−→
U è

−→
V ,

ñ÷èòàÿ
−→
V çàäàííîé. Âåêòîðû

−→
U ,
−→
V è

−→
F áóäåì ïîëàãàòü íàïðàâëåííûìè âäîëü ïîëÿðíîé

îñè ñôåðè÷åñêîé ñèñòåìû êîîðäèíàò, íà÷àëî êîòîðîé ñîâìåùåíî ñ öåíòðîì êîëåáëþùåéñÿ
êàïëè. Òàêàÿ ñèñòåìà îòñ÷åòà íåèíåðöèàëüíà, ïîýòîìó â íåé ñëåäóåò ó÷åñòü äåéñòâèå
ìàññîâûõ ñèë èíåðöèè, çàïèñàâ

−→
F = −

−→
dU

dt
+
−→
G = iω

−→
U +

−→
G, (1.2)

ãäå
−→
G - óñêîðåíèå îò âîçìîæíûõ "îáû÷íûõ" ìàññîâûõ ñèë.
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Â ïðèíÿòîé ñèñòåìå êîîðäèíàò íà âíóòðåííåé ïîâåðõíîñòè îáîëî÷êè ðàäèóñà R1

è íà ïîâåðõíîñòè êàïëè ðàäèóñà R äîëæíû âûïîëíÿòüñÿ ñëåäóþùèå êèíåìàòè÷åñêèå è
äèíàìè÷åñêèå ãðàíè÷íûå óñëîâèÿ:

νr(R1,θ) = (V − U) cos θ, νθ(R1,θ) = (U − V ) sin θ,
νr(R,θ) = ν ′r(R,θ) = 0, νθ(R,θ) = ν ′θ(R,θ),

−P (R,θ) + 2η(∂νr
∂r

)r=R − 2
R

(A+Bν0) cos θ = −P ′(R,θ) + 2η′
(
∂ν′r
∂r

)
r=R

,

η
(
1
r
∂νr
∂θ

+ ∂νθ
∂r
− νθ

r

)
r=R
− 1

R
(A+Bν0) sin θ = η′

(
1
r
∂ν′r
∂θ

+
∂ν′θ
∂r
− ν′θ

r

)
r=R

,

(1.3)

ãäå θ - ïîëÿðíûé óãîë. Çäåñü ïåðâàÿ ïàðà óñëîâèé îçíà÷àåò, ÷òî îáîëî÷êà
ñ ïðèëåãàþùåé ê íåé æèäêîñòüþ äâèæåòñÿ îòíîñèòåëüíî êàïëè ñî ñêîðîñòüþ

(
−→
V −

−→
U ). Ñëåäóþùèå äâà òðåáîâàíèÿ - ýòî îáðàùåíèå â íóëü íîðìàëüíûõ è

ðàâåíñòâî òàíãåíöèàëüíûõ ñêîðîñòåé æèäêîñòåé íà ïîâåðõíîñòè íåïîäâèæíîé â öåëîì
è íåäåôîðìèðóåìîé êàïëè. Â äèíàìè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ âåëè÷èíà A + Bν0
õàðàêòåðèçóåò ïåðåìåííóþ âäîëü ãðàíèöû ðàçäåëà æèäêîñòåé ÷àñòü ïîâåðõíîñòíîãî
íàòÿæåíèÿ α(θ) ñîãëàñíî ñîîòíîøåíèþ

α(θ) = α0 + (A+Bν0) cos θ, α0 = const, (1.4)

ãäå ν0 = νθ(R, π/2) - òàíãåíöèàëüíàÿ ñêîðîñòü æèäêîñòåé íà ýêâàòîðå êàïëè;
çíà÷åíèÿ âåëè÷èí A è B äîëæíû áûòü íàéäåíû îòäåëüíî, ïðè ðàññìîòðåíèè êîíêðåòíîãî
ìåõàíèçìà èçìåíåíèÿ ïîâåðõíîñòíîãî íàòÿæåíèÿ. Ïðè ýòîì ìîæåò îêàçàòüñÿ, ÷òî A = 0,
à B 6= 0, êàê, íàïðèìåð, â ñëó÷àå çàðÿæåííûõ æèäêîìåòàëëè÷åñêèõ êàïåëü â ðàñòâîðå
ýëåêòðîëèòà â îòñóòñòâèå ýëåêòðè÷åñêîãî ïîëÿ [7].

Ó÷èòûâàÿ îñåñèììåòðè÷íîñòü çàäà÷è, ðåøåíèå óðàâíåíèé äâèæåíèÿ (1.1),
óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì (1.3), áóäåì èñêàòü â âèäå [13, ñ.397]

νr = f(r) cos θ, νθ = ϕ(r) sin θ, P = η
[
ψ(r) + ρF

η
r
]

cos θ,

ν ′r = f ′(r) cos θ, ν ′θ = ϕ′(r) sin θ, P ′ = η′
[
ψ′(r) + ρ′F

η′
r
]

cos θ,
(1.5)

ãäå

F = iωU +G. (1.6)

Ïîäñòàíîâêà ýòèõ âûðàæåíèé â óðàâíåíèå (1.1) ïðèâåäåò ê ñèñòåìå äèôôåðåíöèàëüíûõ
óðàâíåíèé îòíîñèòåëüíî ôóíêöèé f(r), ϕ(r), ψ(r), ðåøèâ êîòîðóþ íàéäåì [7]:

f(r) = C1
iκr−1
(iκr)3

eiκr + C2
iκr+1
(iκr)3

e−iκr + b1
R3

r3
+ b2,

ϕ(r) = −C1

2
1−iκr+(iκr)2

(iκr)3
eiκr + C2

2
1+iκr+(iκr)2

(iκr)3
e−iκr + b1

R3

2r3
− b2,

ψ(r) = b1
(iκ)2R3

2r2
− b2(iκ)2r,

(1.7)

ãäå C1,2, b1,2 - íåîïðåäåëåííûå ïîñòîÿííûå; κ =
√

iωρ
η

= (1+i)
√

ωρ
2η
- âîëíîâîå ÷èñëî

ñäâèãîâûõ âîëí âíåøíåé æèäêîñòè.

Â ôîðìóëàõ (1.7) äëÿ ôóíêöèé f ′(r), ϕ′(r), ψ′(r) ñëåäóåò ïîëîæèòü b′1 = 0, C ′1 = C ′2,
÷òîáû óñòðàíèòü ðàñõîäèìîñòè â íà÷àëå êîîðäèíàò. Â ðåçóëüòàòå ïîëó÷èì:

f ′(r) =
2C′1
(κ′r)3

(sinκ′r − κ′r cosκ′r) + b′2,

ϕ′(r) =
C′1

(κ′r)3
{[1− (κ′r)2] sinκ′r − κ′r cosκ′r} − b′2,
ψ′(r) = −b′2(iκ′)2r,

(1.8)
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ãäå κ′ =
√

iωρ′

η′
= (1 + i)

√
ωρ′

2η′
- âîëíîâîå ÷èñëî ñäâèãîâûõ âîëí æèäêîñòè êàïëè.

Ïîäñòàâèâ âûðàæåíèÿ (1.5), (1.7), (1.8) â ãðàíè÷íûå óñëîâèÿ (1.3), ïðèäåì ê
ñèñòåìå èç âîñüìè óðàâíåíèé îòíîñèòåëüíî íåîïðåäåëåííûõ ïîñòîÿííûõ C1, C2, b1, b2, C

′
1, b
′
2

è èñêîìûõ ñêîðîñòåé U è ν0, êîòîðóþ óïðîñòèì äî ñèñòåìû äâóõ óðàâíåíèé îòíîñèòåëüíî
C1 è C2:

[2ηD(y) + 3η′∗]w(−y)
C1

y3
− [2ηD(−y) + 3η′∗]w(y)

C2

y3
=

2

3
A+ (2η + 3η′∗)b1, (1.9)

w(−z)
C1

y3
− w(z)

C2

y3
= b1, (1.10)

ãäå

D(y) =
1− y + y2

2
− y3

6

1− y + y2

3

,

3η′∗ = 3η′Q(x) +B,

Q(x) =
(6− x2)x cosx− (6− 3x2) sinx

3 [(3− x2) sinx− 3x cosx]
,

w(y) =

(
1 + y +

y2

3

)
e−y, (1.11)

b1 =
2(ρ′ − ρ)FR2

3ηy2
, (1.12)

x = κ′R, y = iκR, z = iκR1. (1.13)

Ðåøåíèå ñèñòåìû óðàâíåíèé (1.9), (1.10) äàåò:

C1,2

y3
=

{2η [w(±z)−D(∓y)w(±y)] + 3η′∗ [w(±z)− w(±y)]} b1 + 2
3
w(±z)A

2η [D(y)w(z)w(−y)−D(−y)w(−z)w(y)] + 3η′∗ [w(z)w(−y)− w(−z)w(y)]
, (1.14)

ãäå â ÷èñëèòåëå âåðõíèå çíàêè ïðè àðãóìåíòàõ y è z ôóíêöèé w è D îòíîñÿòñÿ ê
C1, à íèæíèå � ê C2.

Çíàÿ b1, C1, C2 íàéäåì çíà÷åíèÿ îñòàëüíûõ íåèçâåñòíûõ è â ïåðâóþ î÷åðåäü
ñêîðîñòåé

ν0 = −3

2

[
w(−y)

C1

y3
− w(y)

C2

y3
− b1

]
, (1.15)

U = −C1

y3
[
(1− y)ey − (1− z)ezξ3

]
+
C2

y3
[
(1 + y)e−y − (1 + z)e−zξ3

]
+ (1− ξ3)b1 + V, (1.16)

ãäå

ξ =
R

R1

. (1.17)
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2. ß÷åå÷íûå ìîäåëè ýìóëüñèé

Ïðåäñòàâèì ýìóëüñèþ èç îäèíàêîâûõ êàïåëü â âèäå óïîðÿäî÷åííîé ñòðóêòóðû
ÿ÷ååê òèïà ãåêñàãîíàëüíîé ïëîòíåéøåé óïàêîâêè. Êàæäàÿ êàïëÿ íàõîäèòñÿ â öåíòðå
ýëåìåíòàðíîé ÿ÷åéêè â îêðóæåíèè âìåùàþùåé æèäêîñòè. Ãèäðîäèíàìè÷åñêîå è òåïëîâîå
âçàèìîäåéñòâèå êàïëè ñ ñîñåäíèìè êàïëÿìè îñóùåñòâëÿåòñÿ ÷åðåç âîîáðàæàåìóþ
âíåøíþþ ãðàíèöó ÿ÷åéêè, ïðèáëèæåííî àïïðîêñèìèðóåìóþ ñôåðè÷åñêîé ïîâåðõíîñòüþ
ðàäèóñà R1. Ýòîò ðàäèóñ âûáèðàþò òàê, ÷òîáû âåëè÷èíà ξ3 ñîâïàëà ñ îáúåìíîé
êîíöåíòðàöèåé êàïåëü â ýìóëüñèè. Òàêèì îáðàçîì, ñâîéñòâà ýìóëüñèè îïðåäåëÿåò
ïîâåäåíèå ïðîáíîé êàïëè â ÿ÷åéêå.

Çàäà÷à î äâèæåíèè êàïëè â ÿ÷åå÷íîé ìîäåëè àíàëîãè÷íà ðàññìîòðåííîé çàäà÷å
î ÿ÷åéêå ñ æåñòêîé îáîëî÷êîé. Ðàçíèöà ëèøü â çàäàíèè èíûõ ãðàíè÷íûõ óñëîâèé
íà ïîâåðõíîñòè ÿ÷åéêè. Êàê ýòî ñäåëàòü òî÷íî íåèçâåñòíî, õîòÿ áû ïîòîìó, ÷òî
íå îïðåäåëåíà è ñàìà ãðàíèöà. À îíà, êîíå÷íî, ìíîãî ñëîæíåå, ÷åì ïðèáëèæåííî
çàìåùàþùàÿ åå ïðîñòàÿ ñôåðè÷åñêàÿ ïîâåðõíîñòü. Ïîýòîìó çàäàíèå òî÷íûõ óñëîâèé
âðÿä ëè âîçìîæíî è ïðèõîäèòñÿ ïðîáîâàòü ðàçíûå áîëåå èëè ìåíåå ïðàâäîïîäîáíûå
âàðèàíòû äëÿ ñôåðè÷åñêîé ïîâåðõíîñòè ÿ÷åéêè. Íà ïîâåðõíîñòè æå êàïëè ãðàíè÷íûå
óñëîâèÿ îñòàþòñÿ ïðåæíèìè. Áóäåì ñ÷èòàòü, ÷òî â ïîëþñàõ ÿ÷åéêè (ïðè θ = 0, π)
ñêîðîñòü âíåøíåé æèäêîñòè çàäàíà è ðàâíà V â íåïîäâèæíîé ñèñòåìå êîîðäèíàò. Òîãäà
åäèíñòâåííûì ãðàíè÷íûì óñëîâèåì, ïîäëåæàùèì çàìåíå, îêàçûâàåòñÿ óñëîâèå äëÿ
òàíãåíöèàëüíîé ñêîðîñòè æèäêîñòè íà ãðàíèöå ÿ÷åéêè.

Ñíà÷àëà ïðåäïîëîæèì, ÷òî íà ïîâåðõíîñòè ÿ÷åéêè âûïîëíÿåòñÿ óñëîâèå
Êâàøíèíà

∂νθ
∂r

= 0, èëè
dϕ

dr

∣∣∣∣
r=R1

= 0, (2.1)

ò.å. ìèíèìóì òàíãåíöèàëüíîé ñêîðîñòè ïî ðàäèàëüíîé êîîðäèíàòå. Ïî-âèäèìîìó,
ýòî èìååò ìåñòî, ïî êðàéíåé ìåðå, â äâåíàäöàòè òî÷êàõ ñôåðè÷åñêîé ïîâåðõíîñòè ÿ÷åéêè
- òàì, ãäå îíà ñîïðèêàñàåòñÿ ñ áëèæàéøèìè ñîñåäíèìè ÿ÷åéêàìè. Äèôôåðåíöèðóÿ
ôóíêöèþ ϕ(r) èç (1.7), óáåäèìñÿ, ÷òî óñëîâèå (2.1) ìîæåò áûòü çàïèñàíî â âèäå

w1(−z)
C1

y3
− w1(z)

C2

y3
= b1, (2.2)

ãäå

w1(z) =

[
1 + z +

z2

3
+
z2

3
(1 + z)

]
e−z. (2.3)

Ôîðìóëà (2.2) çàìåíÿåò àíàëîãè÷íîå âûðàæåíèå (1.10) è ñîâìåñòíî ñ óðàâíåíèåì
(1.9) ïîçâîëÿåò îïðåäåëèòü ïîñòîÿííûå C1 è C2 ôîðìóëàìè (1.14) ñ òîé òîëüêî ðàçíèöåé,
÷òî â íèõ w(z) íóæíî çàìåíèòü íà w1(z) ïî ôîðìóëå (2.3). Äàëüíåéøèå âû÷èñëåíèÿ
ïðîâîäÿòñÿ òàê æå, êàê è â ñëó÷àå ñ æåñòêîé îáîëî÷êîé.

Ðàññìîòðèì òåïåðü óñëîâèå Õàïïåëÿ. Îíî ñîñòîèò â òðåáîâàíèè, ÷òîáû íà
ãðàíèöå ÿ÷åéêè îáðàùàëèñü â íóëü êàñàòåëüíûå íàïðÿæåíèÿ

σθr = η

(
1

r

∂νr
∂θ

+
∂νθ
∂r
− νθ

r

) ∣∣∣∣
r=R1

= 0,

èëè

dϕ

dr

∣∣∣∣
r=R1

− f(R1) + ϕ(R1)

R1

= 0. (2.4)
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Èñïîëüçóÿ ñîîòíîøåíèÿ (1.7), ïðåäñòàâèì (2.4) â âèäå

w2(−z)
C1

y3
− w2(z)

C2

y3
= b1, (2.5)

ãäå

w2(z) =

[
1 + z +

z2

3
+
z2

6
(1 + z)

]
e−z. (2.6)

Ñðàâíèâàÿ âûðàæåíèÿ (2.5) è (1.10), âèäèì, ÷òî òåïåðü â ôîðìóëàõ (1.14) äëÿ C1

è C2 íóæíî çàìåíèòü w(z) íà w2(z) ïî ôîðìóëå (2.6).

Óñëîâèå Êóâàáàðû ïîñòóëèðóåò îòñóòñòâèå çàâèõðåííîñòè òå÷åíèÿ íà ãðàíèöå
ÿ÷åéêè rot−→ν (R1,θ) = 0, èëè (

∂νθ
∂r

+
νθ
r
− 1

r

∂νr
∂θ

) ∣∣∣∣
r=R1

= 0.

Îòñþäà ïî (1.7) íàéäåì:

dϕ

dr

∣∣∣∣
r=R1

+
f(R1) + ϕ(R1)

R1

= 0

è

C1(1− z)ez = C2(1 + z)e−z.

Ýòî çàìåíÿåò óðàâíåíèå (1.10). Âûðàæåíèÿ äëÿ C1 è C2 â äàííîì ñëó÷àå ìîæíî
ïîëó÷èòü èç ôîðìóë (1.14), åñëè â íèõ âìåñòî w(z) ïîäñòàâèòü

w3(z) = (1 + z)e−z,

à â ÷èñëèòåëÿõ ñ÷èòàòü w(y) = w(−y) = 0.

Íèçêî÷àñòîòíûå ïðèáëèæåíèÿ äëÿ ñêîðîñòåé U è ν0, ñïðàâåäëèâûå ïðè

|y2|
2

=
ωρR2

2η
<< 1,

|z2|
6

=
ωρR2

1

6η
<< 1,

ïîëó÷åíû â âèäå

U =

2(ρ′−ρ)R2F
3η

[ηϕn(ξ) + η′∗ϕ
′
n(ξ)]− 2

3
Aαn(ξ)

2ηψn(ξ) + 3η′∗ψ
′
n(ξ)

+ V, (2.7)

ν0 =
(ρ′−ρ)R2F

3
αn(ξ)− Aψ′n(ξ)

2ηψn(ξ) + 3η′∗ψ
′
n(ξ)

, n = 0,1,2,3. (2.8)

Çäåñü èíäåêñ n = 0 îòíîñèòñÿ ê ÿ÷åéêå ñ æåñòêîé îáîëî÷êîé, n = 1,2,3 −
ê âàðèàíòàì ÿ÷åå÷íîé ìîäåëè â òîì ïîðÿäêå, êàê îíè ðàññìîòðåíû âûøå. Ôóíêöèè
àðãóìåíòà ξ èìåþò âèä:
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ϕ0(ξ) = 1− 3
2
ξ + 3

2
ξ5 − ξ6,∗) ϕ′0(ξ) = 1− 9

4
ξ + 5

2
ξ3 − 9

4
ξ5 + ξ6,∗)

ψ0(ξ) = 1 + 3
2
ξ5,∗) ψ′0(ξ) = 1− ξ5,∗) α0(ξ) = 1− 5

2
ξ3 + 3

2
ξ5;

ϕ1(ξ) = 1− 9
8
ξ − 3

8
ξ5 + 1

2
ξ6, ϕ′1(ξ) = 1− 27

16
ξ + 5

8
ξ3 + 9

16
ξ5 − 1

2
ξ6,

ψ1(ξ) = 1− 3
8
ξ5, ψ′1(ξ) = 1 + 1

4
ξ5, α1(ξ) = 1− 5

8
ξ3 − 3

8
ξ5;

ϕ2(ξ) = 1− ξ − ξ5 + ξ6, ϕ′2(ξ) = 1− 3
2
ξ + 3

2
ξ5 − ξ6,∗)

ψ2(ξ) = 1− ξ5, ψ′2(ξ) = 1 + 2
3
ξ5,∗) α2(ξ) = 1− ξ5;

ϕ3(ξ) = 1− 6
5
ξ + 1

5
ξ6, ϕ′3(ξ) = 1− 9

5
ξ + ξ3 − 1

5
ξ6,∗)

ψ3(ξ) = 1, ψ′3(ξ) = 1,∗) α3(ξ) = 1− ξ3;

Îòìå÷åííûå âûðàæåíèÿ ñîâïàäàþò ñ èçâåñòíûìè ðåçóëüòàòàìè ïðåäøåñòâóþùèõ
ðàáîò ïî ñòàöèîíàðíûì òå÷åíèÿì â ÿ÷åå÷íûõ ìîäåëÿõ [10, ñ. 155, 156, 449]. Ýòè ôóíêöèè
ñâÿçàíû ñîîòíîøåíèåì

3ϕn(ξ)ψ′n(ξ) = 2ϕ′n(ξ)ψn(ξ) + α2
n(ξ), (2.9)

êîòîðîå âûâîäèòñÿ ñëåäóþùèì îáðàçîì. Çàäàäèì âåëè÷èíó A òàêîé, ÷òîáû
÷èñëèòåëü ôîðìóëû (2.8) îáðàòèëñÿ â íóëü, ò.å. ÷òîáû ïîâåðõíîñòü êàïëè îêàçàëàñü
çàòîðìîæåííîé. Òàêàÿ êàïëÿ áóäåò íåîòëè÷èìà îò òâåðäîé ñôåðû, è êîëåáàòåëüíóþ
ñêîðîñòü åå öåíòðà ìàññ U ìîæíî âû÷èñëèòü ïî ôîðìóëå (2.7), ëèáî ïîäñòàâèâ â íåå
çàäàííîå çíà÷åíèå A, ëèáî ïîëîæèâ ôîðìàëüíî η′∗ = ∞. Èç ðàâåíñòâà ïîëó÷åííûõ
òàêèì îáðàçîì âûðàæåíèé äëÿ U ñëåäóåò ñîîòíîøåíèå (2.9). Â åãî ñïðàâåäëèâîñòè ëåãêî
óáåäèòüñÿ è íåïîñðåäñòâåííîé ïðîâåðêîé. Êðîìå òîãî, èìååò ìåñòî ðàâåíñòâî

2ψn(ξ) + 3ψ′n(ξ) = 5.

Âûñîêî÷àñòîòíûå ïðèáëèæåíèÿ äëÿ ñêîðîñòåé U è ν0 ñïðàâåäëèâûå ïðè
âûïîëíåíèè óñëîâèÿ

|z| =
√
ωρ

η
R1 ≥

3
√

2(1− ln ξ)

1− ξ
,

äàþòñÿ ñëåäóþùèìè åäèíûìè äëÿ ðàññìîòðåííûõ 4-õ ìîäåëåé ñòåñíåííîãî
îáòåêàíèÿ êàïåëü ôîðìóëàìè:

U =

2(ρ′−ρ)R2G
3η

[ηS(y) + η′∗S
′(y)]− 2

3
A(1− y) + V

(
1− y + y2

3

)
[2ηD(y) + 3η′∗]

2ηT (y) + 3η′∗T
′(y)

, (2.10)

ν0 =

(ρ′−ρ)R2G
3

(1− y)− AT ′(y)− η(1−γ)
2γ

(1− y)y2V

2ηT (y) + 3η′∗T
′(y)

, (2.11)

ãäå

S(y) = (1− ξ3)
(
1− y

3

)
+ 2ξ3

y

(
1− 1

y

)
, S ′(y) = 1− ξ3 + 3ξ3

y

(
1− 1

y

)
,

T (y) =
[
1− (1−γ)ξ3

γ

]
(1− y) + [1− (1− γ)ξ3]

(
1− y

3

)
y2

2γ
,

T ′(y) =
[
1− (1−γ)ξ3

γ

]
(1− y) + [1− (1− γ)ξ3] y

2

3γ
,

γ = 3ρ
2ρ′+ρ

,

ïðè÷åì èìååò ìåñòî ñîîòíîøåíèå
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3S(y)T ′(y) = 2S ′(y)T (y) + (1− y)2,

ÿâëÿþùååñÿ âûñîêî÷àñòîòíûì àíàëîãîì ôîðìóëû (2.9).

Ïîâåðèì ïðèáëèæåíèÿ ïðåäåëüíûìè ïåðåõîäàìè. Ïðè ξ → 0 èç (2.10) ñëåäóåò:

U =

2(ρ′−ρ)R2G
3η

[
η
(
1− y

3

)
+ η′∗

]
− 2

3
A(1− y) + V

(
1− y + y2

3

)
[2ηD(y) + 3η′∗]

2η
(

1− y + y2

2γ
− y3

6γ

)
+ 3η′∗

(
1− y + y2

3γ

) , (2.12)

Ýòà ôîðìóëà ñîäåðæèò ðàçíûå ÷àñòíûå ñëó÷àè äâèæåíèÿ îäèíî÷íîé êàïëè â
æèäêîñòè. Òàê, äëÿ äâèæåíèÿ â ïîêîÿùåéñÿ æèäêîñòè (V = 0) ñ ïîñòîÿííîé ñêîðîñòüþ
(ω, |y| → 0) â ïîëå ñèëû òÿæåñòè (G = g) ïîëó÷èì

U =
2(ρ′ − ρ)gR2

9η

3η + 3η′ +B

2η + 3η′ +B
− 2A/3

2η + 3η′ +B
,

Åñëè ïîâåðõíîñòü êàïëè ñâîáîäíà îò ýëåêòðè÷åñêèõ çàðÿäîâ, ïîâåðõíîñòíî-
àêòèâíûõ âåùåñòâ è ò.ï., ò.å. êîãäà α(θ) = α0 = const è, ñëåäîâàòåëüíî, A = 0, B = 0, òî
ýòî âûðàæåíèå ïåðåõîäèò â èçâåñòíóþ ôîðìóëó Ðûá÷èíñêîãî�Àäàìàðà [12, ñ. 100]. Ïðè
G = 0, A = 0, |η′∗| >> η èç (2.12) ñëåäóåò:

U

V
=

1− y + y2

3

1− y + y2

3γ

.

Ýòî èçâåñòíàÿ ôîðìóëà Ê¼íèãà (W.K�onig, 1891 ã.), ïîëó÷åííàÿ òàêæå â [1]. Îíà
ñëóæèò îñíîâîé àêóñòè÷åñêèõ òåîðèé ðàçáàâëåííûõ ñóñïåíçèé.

Äëÿ ìàëîâÿçêèõ êàïåëü, êîãäà |η′∗| << η,G = 0, A = 0 ïî (2.12) ïîëó÷èì:

U

V
=

1− y + y2

2
− y3

6

1− y + y2

2γ
− y3

6γ

.

Êàê è â ïðåäûäóùåì ñëó÷àå, îòíîøåíèå àìïëèòóä ñêîðîñòåé áëèçêî ê åäèíèöå ïðè
|y| << 1 è ñòðåìèòñÿ ê γ ïðè |y| >> 1. Òàê, äëÿ ãàçîâîãî ïóçûðüêà â âîäå â ïîëå çâóêîâîé
âîëíû äîñòàòî÷íî âûñîêîé ÷àñòîòû U/V ≈ 3.

Ñ ïîìîùüþ (2.12) (ïðè A = 0, V = 0) íàéäåì ñèëó ñîïðîòèâëåíèÿ äâèæåíèþ êàïëè
[14]:

Fres = −6πηRU
2η
(

1− y + y2

6
− y3

18

)
+ 3η′∗

(
1− y + y2

9

)
3η
(
1− y

3

)
+ 3η′∗

.

Îòñþäà ïîëó÷èì ÷àñòíûå ôîðìóëû äëÿ ñèëû ñîïðîòèâëåíèÿ äâèæåíèþ â
íåïîäâèæíîé íà áåñêîíå÷íîñòè æèäêîñòè êàïëè, òâåðäîé ñôåðû, ãàçîâîãî ïóçûðüêà [12].
Òàê, äëÿ òâåðäîé ñôåðû (η′ →∞) èìååì

Fres = −6πηRU

(
1− y +

y2

9

)
, y2 = −iωρR

2

η
,

÷òî ïåðåõîäèò â ôîðìóëó Ñòîêñà ïðè ω → 0, à ïðè η → 0 äàåò:

Fres = −2

3
πR3ρ(−iωU) = −2

3
πR3ρ

dU

dt
,
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÷òî âûðàæàåò èçâåñòíûé ðåçóëüòàò: ïðèñîåäèíåííàÿ ìàññà èäåàëüíîé æèäêîñòè
äëÿ îñöèëëèðóþùåé ñôåðû ðàâíà ïîëîâèíå ìàññû æèäêîñòè, âûòåñíåííîé ñôåðîé.

Êîãäà ïëîòíîñòè æèäêîñòåé â ýìóëüñèè ðàçíÿòñÿ, êîëåáàòåëüíûå ñêîðîñòè U
è V íå ñîâïàäàþò, ò.å. êàïëÿ äâèæåòñÿ îòíîñèòåëüíî âìåùàþùåé æèäêîñòè. Ïðè
ýòîì çà ñ÷åò âÿçêîñòåé îáåèõ æèäêîñòåé ïðîèñõîäèò ÷àñòîòíîçàâèñèìàÿ äèññèïàöèÿ
ìåõàíè÷åñêîé ýíåðãèè. Äëÿ çâóêîâîé âîëíû, äëèíà êîòîðîé çíà÷èòåëüíî ïðåâûøàåò
ðàçìåðû ýëåìåíòàðíîé ÿ÷åéêè, ýìóëüñèÿ ïðåäñòàåò "ìèêðîíåîäíîðîäíîé" ñðåäîé ñ
ýôôåêòèâíîé êîìïëåêñíîé ïëîòíîñòüþ [7,8]:

ρ̃(ω) = ρ̃1(ω) + iρ̃2(ω) = ρ

(
1 +

ρ′ − ρ
ρ

ξ3
U

V

)
.

Îòíîøåíèÿ ñêîðîñòåé (ïðè G = 0, A = 0) ïðåäñòàâèì â âèäå

U

V
=

1

1− iqn
, n = 0, 1, 2, 3.

Äëÿ ÷åòûðåõ ðàññìîòðåííûõ âûøå âàðèàíòîâ ÿ÷åå÷íûõ ìîäåëåé ýìóëüñèé
ïîëó÷åíû ïîëíûå âûðàæåíèÿ ôóíêöèé qn. Ñëó÷àé æåñòêîé îáîëî÷êè ïîäðîáíî
ðàññìîòðåí â ðàáîòå [8]. Äëÿ ñîáñòâåííî ÿ÷åèñòûõ ìîäåëåé èìååì: ïðè óñëîâèè
Êâàøíèíà

q1 = 2(ρ′−ρ)ωR2

9η
·
3η
{
− 4

3
zξ+

[
z(1−ξ+ 4

3
ξ2)+ z3

3 (1− 2
3
ξ−ξ3+ 2

3
ξ4)
]
ch[z(1−ξ)]−

2η
{[
z(1−ξ)+ z3

6
(2−4ξ+3ξ2−ξ3)+ z5

6
ξ2(1− 2

3
ξ)
]
ch[z(1−ξ)]−

...

...
−
[
1− 4

3
ξ+ 2z2

3 (1− ξ2−ξ3+ξ4)−
z4

9
(ξ−ξ4)

]
sh[z(1−ξ)]

}
+3η′∗{−2zξ+[z(1−ξ+2ξ2)+

−
[
1+z2

(
2
3
−ξ+ ξ2

2

)
− z4

6
ξ(2−2ξ+ξ2)− z6

18
ξ3
]
sh[z(1−ξ)]

}
+3η′∗

{[
z(1−ξ)+ z3

3
(1−ξ)2+

...
+ z3

3
(1−ξ3)

]
ch[z(1−ξ)]−

[
1−2ξ+ z2

3
(2+3ξ2−2ξ3)

]
sh[z(1−ξ)]

}
+ z5

9
ξ2
]
ch[z(1−ξ)]−

[
1+ z2

3
(2−3ξ+ξ2)− z4

9
ξ(3−2ξ)

]
sh[z(1−ξ)]

} ;

ïðè óñëîâèè Õàïïåëÿ

q2 = 2(ρ′−ρ)ωR2

9η
·

3η
{
− 4

3
zξ+

[
z(1− 2

3
ξ+ξ2)+ z3

6 (1−ξ−ξ3+ξ4)
]
ch[z(1−ξ)]−

2η
{[
z(1−ξ)+ z3

6
(1−ξ)3+ z5

12
ξ2(1−ξ)

]
ch[z(1−ξ)]−

[
1+ z2

2
(1−ξ)2−

...

...
−
[
1−ξ+ z2

2 (1− 2
3
ξ+ 2

3
ξ2−ξ3)− z

4

18
ξ(1−ξ3)

]
sh[z(1−ξ)]

}
+3η′∗{−2zξ+[z(1− 1

2
ξ+ 3

2
ξ2)+

− z4

6 (1− 3
2
ξ+ξ2)− z636 ξ3

]
sh[z(1−ξ)]

}
+3η′∗

{[
z(1−ξ)+ z3

6
(1−3ξ+2ξ2)+ z5

18
ξ2
]
ch[z(1−ξ)]−

...

...
+ z3

6
(1−ξ3)

]
ch[z(1−ξ)]−

[
1− 3

2
ξ+ z2

2
(1+ξ2−ξ3)

]
sh[z(1−ξ)]

}
−
[
1+ z2

6
(3−6ξ+2ξ2)− z4

6
ξ(1−ξ)

]
sh[z(1−ξ)]

} ;

ïðè óñëîâèè Êóâàáàðû

q3 = 2(ρ′−ρ)ωR2

9η
· 3
z2
·

2η
{[
−zξ(1−ξ)+ z3

6
(3−ξ)(1−ξ3)

]
ch[z(1−ξ)]−

2η
{[
z(1−ξ)+ z3

6
(3ξ2−ξ3)

]
ch[z(1−ξ)]−

[
1− z2

2
(2ξ−ξ2)−

...

...
−
[
−ξ+ z2

2
(1+2ξ2−ξ3)− z

4

6
ξ(1−ξ3)

]
sh[z(1−ξ)]

}
+3η′∗{[−zξ(1−ξ)+

− z4
6
ξ3
]
sh[z(1−ξ)]

}
+3η′∗

{[
z(1−ξ)+ z3

3
ξ2
]
ch[z(1−ξ)]−

...

...
+ z3

3
(1−ξ3)

]
ch[z(1−ξ)]−

[
−ξ+ z2

3
(1+3ξ2−ξ3)

]
sh[z(1−ξ)]

}
−
[
1+ z2

3
ξ(ξ−3)

]
sh[z(1−ξ)]

} .

Ó÷åò ñèëîâûõ ôàêòîðîâ G è A âîçìîæåí, íî ãðîìîçäîê.
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Çàêëþ÷åíèå

Ïðèâåäåíû îñíîâíûå ðàñ÷åòû àêóñòè÷åñêèõ õàðàêòåðèñòèê ÿ÷åå÷íûõ ìîäåëåé
ýìóëüñèé ñôåðè÷åñêèõ êàïåëü ïðîèçâîëüíûõ êîíöåíòðàöèé. Ðàññìîòðåíû ÷åòûðå
âàðèàíòà èçâåñòíûõ ãðàíè÷íûõ óñëîâèé íà ïîâåðõíîñòè ÿ÷åéêè. Ïîëó÷åíû íèçêî- è
âûñîêî÷àñòîòíûå ïðèáëèæåíèÿ äëÿ õàðàêòåðíûõ ñêîðîñòåé êàïëè ïðè ãàðìîíè÷åñêèõ
êîëåáàíèÿõ ïîä äåéñòâèåì ìàññîâûõ ñèë, ïåðåìåííûõ ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ è
îñöèëëÿöèé âìåùàþùåé æèäêîñòè. Ê òðåì âàðèàíòàì ýìóëüñèé äàíû ïîëíûå ôîðìóëû
äëÿ ðàñ÷åòà èõ êîìïëåêñíûõ ýôôåêòèâíûõ ïëîòíîñòåé â çâóêîâîì ïîëå. ×àñòíûå ñëó÷àè
ýòèõ ôîðìóë äëÿ ñóñïåíçèé èìåþòñÿ â ðàáîòå [9].

Ïîñêîëüêó ìíîãèå æèäêîñòè èìåþò áëèçêèå çíà÷åíèÿ ïëîòíîñòåé, ò.å. ρ′ ≈ ρ
òî âÿçêèå çâóêîâûå ïîòåðè â òàêèõ ýìóëüñèÿõ ìîãóò îêàçàòüñÿ íåçíà÷èòåëüíûìè, ÷òî
ïîòðåáóåò ó÷åòà è òåïëîâûõ ïîòåðü, íå çàâèñÿùèõ îò ãèäðîäèíàìè÷åñêèõ ãðàíè÷íûõ
óñëîâèé íà ïîâåðõíîñòè ÿ÷åéêè. Äëÿ ðàñ÷åòà òåïëîâûõ ïîòåðü íåîáõîäèìî èñïîëüçîâàòü
ðåçóëüòàòû ðàáîòû [15], êðàòêî èçëîæåííûå â [8]. Ïðè ýòîì êîìïëåêñíîé áóäåò òàêæå
ýôôåêòèâíàÿ ñæèìàåìîñòü ýìóëüñèè.
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